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Lecture Overview

• Bioinspired swimming strategies

• Magnetoelastic microrobots

• Medical instruments
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Swimming at Low Reynolds Number

• How to elude the scallop theorem (Aristotelian fluid regime)
– Rotate a chiral arm
– Wave an elastic arm
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Eukaryotic Flagella and Cilia

• Eukaryotic flagella
– Active organelles which create 

traveling waves
– Swimming direction can be reversed 

by reversing the direction of the 
wave
• Head-to-tail: moving forward
• Tail-to-head: moving backwards

• Cilia

– Active organelles

– Held perpendicular during the power 
stroke

– Parallel during recovery stroke
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Sperm Flagella

• Elastic connecting piece
• Active force arises from the action of dynein motors
• Bending wave propagating from head to the tail
• Beating frequency and waveform is modulated by calcium signaling
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Eukaryotic Flagellum

• Sperm cells swim owing to bending waves that propagate along their 
long, flexible flagellum
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• The whole tail is actuated
• Bending is powered by 

dynein motor proteins that 
cause sliding of microtubule 
doublets in the axoneme

• The waveform depends on the 
viscosity of the surrounding 
fluid: planar or helical

• Long and thin flagellum
• Guarantees asymmetry in 

the resistance to forward 
and sideways motion



Sperm Motility (video)
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• Human sperm migrating in 
low and high viscosity fluids

• Boundary element 
method/Slender-body 
theory for fluid mechanics 
calculations

• Flow-field disturbance is an 
order of magnitude greater 
in low viscosity medium



Sperm Motility
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Sperm Motility
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• 3D swimming pattern following helical ribbons
• Planar and asymmetric beating (a)
• Non-planar symmetric beating (b)
• Non-planar asymmetric beating (c)



Biflagellate Alga Chlamydomonas (video)
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Scaling of Appendage Size

• Eukaryotic flagella are at least ten times larger (diameter and length) 
than bacterial flagella

– Typical diameter: 20nm vs 200nm
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• Cilia: thousands of small 
appendages that beat in 
coordinated manner
• Propelling the cell at 

speeds of 500 um/s

• With increasing size, we see a 
transition from flagellum to cilia



Bioinspired Swimming: Elastic Oar

• One-sided actuation
– There exists an optimum in tail elasticity and length

• Too short & rigid
– “Scallop theorem”

• Too long & elastic
– Increased drag
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• Use of varying magnetic fields
• Magnetic field creates a 

torque on a magnet 
• By varying the field, the 

torque is a function of time
• Induces a waving motion to 

the following tail



Flexible Oar Swimmer
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Artificial Eukaryotic Flagellum

• Magnetic microbeads
– Each bead has an easy axis
– They are linked with DNA
– The beads tend to align with an oscillating 

external magnetic field 
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Artificial Eukaryotic Flagellum

• An undulation that propagates toward the attachment 
point from the tip of the tail

• Remember that in sperm cells bending wave 
propagates from head to tail
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Sperm Number

• A dimensionless number that represents the relative importance of 
viscous to elastic stresses on a filament
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𝑆! =
𝐿
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L: length of the filament
𝜅: bending rigidity
𝜔: angular driving frequency
𝜉!: perpendicular viscous coefficient

• For a one-armed swimmer, two extreme regimes emerge
– At low Sp, internal elasticity dominates
– At high Sp, viscous friction dominates

• Maximum normalized swimming speed (V/L𝜔) is attained for Sp of the 
order unity (for sperm cells Sp = 7)



Magnetoelastic Number and Velocity Profile
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𝜒: magnetic susceptibility
𝜇: magnetic permeability
a: radius of the particles



Cilia

• Found in many tissues and unicellular organisms

• Coordinated action of thousands of cilia as an effective waving surface
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• Metachronal Waves
• Self-organized
• Hydrodynamic interactions
• Not complete synchrony or randomness
• 10-fold higher efficiency compared to cilia all beating in phase  



Flexible Magnetic Composites

• Magnetoreactive soft materials such as magnetorheological elastomers 
and ferrogels

• Under the influence of magnetic fields, the embedded particles interact 
with one another and with the polymer matrix

• Vibration absorbers, sensing devices, engine mounts
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Soft Magnetic Composites

• Embedding particles of low-coercivity ferromagnetic materials in 
hydrogels

– Soft magnetic materials

– Iron and iron oxides

• Soft magnetic materials develop strong magnetization along the applied 
magnetic field

• They do not retain the strong magnetism once the external field is 
removed

• Deformation is limited to elongation or compression under magnetic field 
gradients
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Programming magnetic anisotropy
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Programming magnetic anisotropy
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50 um



Programming magnetic anisotropy
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Programming magnetic anisotropy
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200 um

50 um



Programming magnetic anisotropy
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Programmable self-folding
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• Differential Swelling via Particle Gradients



Elastohydrodynamic Coupling
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Sperm Number

Bending rigidity vs viscous drag



Ferrogels

• Reduce elastic rigidity by creating macroscale pores inside the gel

• Reversible deformation with compressive strain over 80% before fracture

• Deformation under nonuniform magnetic fields
– Body force proportional to the gradient of the applied field
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F = υ ( M ⋅ ∇ ) B



Magnetoelastic Effect

• Magnetic pull-in instability
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• Shear modulus of the matrix vs the magnetic 
Maxwell stress

• Placement of magnetic particles is the key

Magnetic Force

Elastic Force (neo-Hookean)



Hard Magnetic Composites

• Particles of high-coercivity ferromagnetic materials 

– Hard magnetic materials

– such as NdFeB

• High remnant characteristics allow them to retain high residual 
magnetic flux density even in the absence of magnetic fields after 
saturation (high magnetization at low field)

• High coercivity helps them sustain high residual magnetic flux density 
over a wide range of applied magnetic fields below the coercive field 
strength (hard to demagnetize or re-magnetize)
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Magnetic self-assembly

• Converting elastomer sheets patterned with magnetic dipoles into 3D 
objects by self-folding 
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Programmable matter by folding

• Magnetic engagement for assembly
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Hard Magnetic Composites

• Design of ferromagnetic domains in 3D printed soft materials
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Hard Magnetic Composites
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Hard Magnetic Composites
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Hard Magnetic Composites
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Hard Magnetic Composites
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Hard Magnetic Composites
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Shape-programmable magnetic soft matter
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Shape-programmable magnetic soft matter
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Hard Magnetic Composites
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Hard Magnetic Composites
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Magnetic jellyfish swimmer
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Magnetic cilia
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Magnetically-actuated artificial cilia
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𝑃𝑒 =
𝑢𝑙
𝐷0

u: characteristic velocity
l: characteristic length
D0: mass diffusivity

𝐷0 =
𝑘𝑇
3𝜋𝜂𝑑

= 0.9	µm1/s

kT: thermal energy
𝜂: viscosity
d: diameter

Peclet Number

Stokes-Einstein



Magnetically-actuated artificial cilia
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Synchronous beating

Out-of-phase movement



Magnetically-actuated artificial cilia
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Magnetically-actuated artificial cilia
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Magnetic control of continuum devices

• Guiding the translation and/or deformation of elastic rods

– Surgical tasks with catheters

– Do not require pull wires or other bulky mechanisms

– Forces and torques generated by the interactions between 
embedded hard magnets and magnetic vector field
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Magnetic control of continuum devices

• Rigid segments: standard rigid-body kinematics and force-torque 
equilibrium equations 

• Flexible segments

– Kirchhoff’s theory: rod is not stretched, only bending strain

– Cosserat-Timoshenko rod theory: with tensile and shear stiffness 
(flexibility of the rod in tension and shear)

– Small strains and Hooke’s law
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Hard-magnetic elastica

• Thin, elastic rod with hard magnetic properties

• Assumptions
– cross-section remains perpendicular to the centerline of the body during deformation ( 

i.e., no transverse shearing)

– the centerline length of the elastica remains unchanged during deformation ( i.e., 
centerline inextensibility along the length direction)

– the incompressibility of constituent materials

– the twisting motion has low practical implications for the interest in magnetically 
steerable soft continuum robots
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Hard-magnetic elastica
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Finite element modeling

• Induced magnetic flux density exhibits a linear relation with applied 
magnetic field
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3D printed magnetic catheters
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submillimeter-scale ferromagnetic soft continuum robots that can 
navigate through highly constrained environments, such as narrow 
and tortuous vasculature, based on active, omnidirectional steering 
upon magnetic actuation (Fig. 1B). The robot’s body is composed of 
soft polymer matrices with evenly dispersed hard magnetic micro-
particles (Fig. 1C) and thus can be easily fabricated into submillimeter 
scale based on printing or injection molding (Fig. 1E). To cope with 
the substantial friction experienced while navigating highly unstruc-
tured environments (5, 32), we grew hydrogel skin (33), a thin (10 to 
25 mm) layer of hydrated cross-linked polymers, onto the robot’s 
surface. This hydrogel skin effectively decreased the surface friction 

due to its high water content. Enabled by the theoretical framework based 
on continuum mechanics developed for ferromagnetic soft materials 
(31), we also present our model-based material design strategies to 
optimize the actuation performance of our soft continuum robots. 
Combining all these features, we demonstrate the capability of navigat-
ing through complex and constrained environments, such as a cerebro-
vascular phantom with multiple aneurysms, which are difficult to 
navigate with bulky robotic catheters or passive manual instruments. 
Incorporating a functional core in the robot’s body, we further demon-
strate additional functionalities, such as steerable laser delivery, in 
realistic in vitro environments with relevance to clinical challenges.

Fig. 1. Schematic illustration of ferromagnetic soft continuum robots with hydrogel skins. (A) Pathologic conditions in hard-to-reach areas across the human body 
where small-scale soft continuum robots with active steering and navigating capabilities have utility. (B) Illustration of the active steerability of a submillimeter-scale soft 
continuum robot navigating a complex vasculature with an aneurysm. (C) Schematic illustration of the magnetically responsive tip of the continuum robot with 
programmed magnetic polarities resulting from the hard magnetic particles embedded in the robot’s body made of soft polymer matrix. The hydrogel skin provided a 
hydrated, self-lubricating layer on the robot’s surface, and the silica shell coated around the embedded magnetic particles prevented their corrosion at the hydrated 
interface. (D) Ferromagnetic composite ink based on PDMS + NdFeB (20 volume %) before and after magnetization. When magnetized, the previously freely flowing ink 
became a thixotropic paste with shear yield stress due to the interaction between embedded magnetic particles. (E) Fabrication methods based on (i) printing/extrusion 
and (ii) injection molding. For printing, the magnetized ink was extruded through a micronozzle. For injection modeling, the ink was injected into a micromold in which 
a concentric functional core is placed. (F) Schematic illustration of hydrogel skin formation onto the outer surface of the fabricated ferromagnetic soft continuum robot.
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Methods. Both segments have uniform magnetization (M = 128 kA m−1) 
along the axial direction. The softer and hence more responsive tip 
enables multiple modes and degrees of bending depending on the 
direction and strength of the applied actuating field, as well as the 
unconstrained length of the magnetically active segment, as pre-
dicted from our model-based simulation in Fig. 5 (A to C). When 
the unconstrained length of the stiff segment equaled that of the soft 
segment, only the very end tip of the continuum robot reacted effec-
tively to the applied magnetic fields, creating a J-shaped tip (Fig. 5A). 
This is because the short unconstrained segment has a large bending 
stiffness due to the small aspect ratio, as predicted in Fig. 3E. As the 
unconstrained length increased, the bending stiffness of the stiffer 
segment decreased, which increased the radius of curvature of overall 
bending upon magnetic actuation (Fig. 5, B and C). Figure 5D and 
movie S3 show the experimental demonstration of our fabricated 
prototype navigating through a tortuous path formed by a series of 
tightly spaced rings (see fig. S4B for details) based on the ability to 
make sharp turns, which was enabled by the design described above.

To illustrate the potential impacts of the proposed ferromagnetic 
soft continuum robots in medical applications, we extended the 
demonstrated steering and navigating capabilities of our soft con-
tinuum robots to a more realistic, clinically relevant environment. 
To this end, we used a real-sized, silicone vascular phantom that 
replicates a particular cerebrovascular anatomy, called the circle of 
Willis, as well as the surrounding arteries with multiple aneurysms 
(localized dilation) at different locations. As can be seen in fig. S7, 
the vascular structures are highly complex and tortuous, involving 
several acute-angled corners. The inner diameter of the silicone ves-
sels along the targeted path (from carotid artery to middle cerebral 
artery in fig. S7B) to be navigated by our continuum robot ranged 
from 2.5 to 7.5 mm, and the aneurysms to reach along the path were 
9 mm (first), 7.5 mm (second), and 5 mm (third) in diameter (fig. 

S7A). The overall distance navigated by the robot along the targeted 
path was around 250 mm (fig. S7, B and C). The required task for 
our ferromagnetic soft continuum robot was to reach all the aneu-
rysms along the targeted path while demonstrating the ability to 
locate the robot’s distal tip inside each aneurysm based on magnetic 
actuation and steering capabilities. In addition, direct contact of the 
robot with the inner wall of the aneurysms should be avoided, given 
that aneurysms have a high risk of rupture, which can lead to hem-
orrhagic stroke.

With the same prototype presented earlier (Fig. 5 and movie S3), 
we experimentally demonstrate the capability of our ferromagnetic 
soft continuum robot to successfully carry out the required tasks in 
the vascular phantom, which was filled with a blood analog that 
simulates the friction between commercial guidewires and real 
blood vessels. As can be seen in Fig. 6 and movie S4, the proposed 
ferromagnetic soft continuum robot was able to smoothly navigate 
through the targeted path while completing all the required tasks 
without any noticeable difficulties or unintended motion. The im-
portance and the effectiveness of the self-lubricating hydrogel skin 
became evident when comparing the navigating performance of 
ferromagnetic soft continuum robots with and without the hydrogel 
skin. As shown in movie S5, the uncoated prototype suffered from 
the substantial friction acting on the robot while going through the 
first acute-angled corner, exhibiting unwanted jerky movement. 
Despite the omnidirectional steering capability that enabled the robot 
to orient its distal tip toward the desired direction, the significant 
friction did not allow the robot’s body to proceed. Upon further 
pushing, followed by another jerk, the robot struck the inner wall of 
the first aneurysm. After hitting the second aneurysm in an un-
predictable manner, the demonstrated prototype without hydrogel 
skin eventually failed to further proceed through the third acute and 
narrow corner.

Fig. 5. Multiple modes and degrees of bending for navigating through a tortuous path. (A to C) Simulation results identifying multiple different modes and degrees 
of deflection, depending on the unconstrained length of the magnetically responsive tip (consisting of stiff and soft segments) as well as the applied field strength and 
direction, which help in creating sharp turns when navigating through tortuous paths. (D) Experimental demonstration of navigating through a highly nonlinear path 
formed by a set of tightly spaced multiple rings. The magnetic fields for actuation (20 to 80 mT) were generated by a cylindrical permanent magnet (diameter and height 
of 50 mm) at a distance (from 40 to 80 mm). The proximal end was pushed to advance the magnetically steered distal end of the robot during the navigation. The outer 
diameter of the demonstrated prototype was 600 mm. Detailed dimension of the demonstration setup is available in fig. S4B.
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3D printed magnetic catheters
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3D printed magnetic catheters
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Reprogramming magnetic properties
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